[Gulzar, 3(10): October, 2014] ISSN: 2277-9655
Scientific Journal Impact Factor: 3.449
(ISRA), Impact Factor: 2.114

=+ 1JESRT

INTERNATIONAL JOURNAL OF ENGINEERING SCIENCES & RESEARCH
TECHNOLOGY
Zero Bounds for a Certain Class of Polynomials
M. H. Gulzar
Department of Mathematics, University of Kashmir, Srinagar, India

Abstracts
In this paper we give a bound for the zeros of a polynomial with complex coefficients. Our results generalize
some known results in addition to giving a way for some new results.
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Introduction
An elegant result in the theory of distribution of zeros of polynomials is the following theorem due to Enestrom and
Kakeya [10]:

n

Theorem A: If the coefficients of the polynomial P(z) = Zaj z'satisfy 0<a, <a, <....<a,, <a,,then
j=0

all the zeros of P() lie in the closed disk |z <1.

In the literature ([2], [4]-[6], [8]-[12]) there exist several generalizations of this result. Aziz and Mohammad [1]
proved the following generalization of Theorem A:

n

Theorem B: Let P(z) = Zajz’ be a polynomial of degree n with real positive coefficients. If t, >t, >0 can
j=0

found such that

att, +a,,(t -t,)-a;,,>0,j=12,...,n+1(a, =a,,=0),

n+1

then all the zeros of P(z) lie in |Z| <t,.

For t, =1,t, =0, it reduces to Theorem A.
Aziz and Shah [3] proved the following more general result which includes Theorem A as a special case:
n
Theorem C: Let P(2) = Zaj Z' be a polynomial of degree n. If for some t>0,
j=0
max , _g ‘taozn +(ta, —a,)z"" +....+(ta, — anfl)‘ <M

where R is any positive real number, then all the zeros of P(z) lie in

n

|z|§max(|2/|—n|,%).

Recently B. A. Zargar [13] proved a more general result which includes Theorem A as a special case. He proved

n

Theorem D: Let P(z)=Zajz‘ be a polynomial of degree n  such that for some real numbers
j=0

t,t,;t, #0,t, >t, >0,

. .
max;, q |2 fatt, +a,.(t — -8, 32" | <M,
j=0
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where R is a positive real number. Then, all the zeros of P(z) lie in
1
|7 < max(r,E) :

where
2M

r= n

|an (tl _tz) - an—1|2 + 4|a'n||v|}E _|an (tl _t2) - an—l|

Main results
In this paper we prove a generalization of Theorem D as follows:

j=0
that for some real numbers t,,t,;t, #0,t, >t, 20,

C -
max , o[> fatit, + a4t ~t) —a; 12" <My,
j=0
. -
max‘z‘:R Z{ﬂjtltz + /Bj—l(tl _t) _ﬂj_z}zn_j S M ”s
j=0

where R is a positive real number. Then, all the zeros of P(z) lie in
1
|7 < max(rl,E) ,

where
2(M 1 + M 2)

= I .
) 1

|an (tl - tz) - an—1| + 4|an|(Ml +M 2)}2 - |an (tl _tz) - an—1|

Remark 1: Taking ﬁj =0,v]=012,......,n,, we get Theorem D.

Takingt, =0, we get the following generalization of a result of Zargar [13, Cor.4] which includes Theorem A as
a special case.

j=0
that for some real numbert > 0,
n .
n—j
Z(ajflt —a;,)Z
j=0

max ,_g <M,,

max, g <M,,

Zn:(ﬁj—ﬂ: - ﬂj—z}z "

where R is a positive real number. Then, all the zeros of P(z) lie in

1
|z|3max(rl,E),

where
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2(I\/Il + MZ)

rn=

n

; .
la t—an_1|2 +4a,|(M, +M,)}? —|a,t—a,,|

Lemmas
For the proofs of the above results , we need the following results:

Lemma 1:1f f(z) is analytic for |Z| <1, f(0)=a, where |a| <1, f'(0)=b, |f(Z)| <1for |Z| =1, then
(- apiZ” +Jo]2] + falct - [a)

al@~fa)iz* + bl + @~[a)
The inequality is sharp with equality for the function

[f(2) <

b 2
a+—172-1
f(Z)= 1+a

1- ——z-az’
l+a
The above lemma is due to Govil, Rahman and Schmeisser [7].

Lemma 2:If f(z) is analytic for |Z| <R, f(0)=0,, f'(0)=b, |f(Z)| <M for |Z| =R, then
M|zl M|z + R?|b|
R? M +|b|z]

Lemma 2 is a simple deduction from Lemma 1.

|f(z)|£ for|Z|SR :

Proofs of theorems
Proof of Theorem 1: Consider the polynomial

F(2)=(t, +2)(t, -2)P(2) = (t, +2)t, - 2)(a, 2" +a, 2" +....+ &z +4a,)

n

=-a,2"" +{a,(t, -t,) —a, 2" + D {ajtt, +a,,(t, -t,) —a; 37’
i=0

n .
= _anzn+2 +Ha, t, -t)-a, .}z "y z{ajtltz ta, t,—-t,)- ij_z}’zJ
j=0

HHA G —t) = Bral2™ + B + B —t) - 3]
j=0
n+2 1
Let G(z) =z""F (=)
z
=-a, +{an (tl - '[2) - aH}z + Z{O‘jtltz + aH (tl _ tz) _ aj,z}ZmHZ
j=0

+ ii{ﬁjtltz + ﬂjfl (tl _tz) — lijz}Z n*J'JrZ]

=-a, +{a,(t, -t,)—a, ,}z+H(2),
where

H(z)= Zz[z{ajtltZ + aj—l(tl -t,) _ajfz}znij + iz{ﬁjtltz + ﬂj—l(tl -t,) _ﬂjfz}znij]-
j=0 j=0
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Then H(0)=0= H'(0) and by using the hypothesis |H (Z)| < RZ(M1 +M,) for |Z| =R.
We first suppose that
la,|<R*(M; +M,) +Rja, (t, —t,) —a, 4.
Then by applying Lemma 2 to H(z) we get
R*(M, + M,)|l7l R*(M, +M,)|z|
R? " RE(M, +M,)

IH(z)|< = (M, +M,)|7|* .

Hence
G(2)|=|-a, +{a,t, —t,)—a, 32+ H(2)|
= |an| _|an t —-t,)- an—1||z| _|H (Z)|

>|a,| ~|a, (t, —t,) — a7 — (M, + M,)[|°

>0
if
(M, + M2)|z|2 +|a, (t, —t,) —a,4[7 —|a,| <0
ie. if
el 2 .
|Z| <'{]an (tl _tz) - an—1| + 4|an|(Ml + Mz)}2 _|an (t1 _tz) - an—1|
2(M; +M,)
1ok
r
if
|an (tl _tz) _an—1|2 +4|an|(Ml + Mz) S{2(M1 + Mz)R +|an(t1 _tz)_an—l|}2
or

la,|<R*(M; +M,) +Rla, (t, —t,) —a, 4|
which is true by our supposition.

1
Thus, it follows that all the zeros of G(z) lie in |Z| >—.
r

1
Since F(z)=2""*G(=), it follows that all the zeros of F(z) lie in |Z| <r.
VA

We now suppose that |a,|>R*(M, +M,) +Rla, (t, —t,) —a, .
Then, for |Z| <R, we have
G(2)| =|a,| —|a, (t, —t,) —a, 4]z —|H (2)|
>la,|—|a,(t, —-t,) —a,4JR—R*(M, + M,)
>0
This shows that G(z) has all its zeros in |Z| >R.

1 1
since F(z) =z"?G(=), it follows that all the zeros of F(z) lie in |Z| < R
z

1
But the zeros of P(z) are also the zeros of F(z). Hence, it follows that all the zeros of P(z) lie in |Z| < E .
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1
Combining the above two arguments, it follows that all the zeros of P(z) lie in |Z| <max(r, E) .

That completes the proof of Theorem 1.
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